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3 Usually, the photon emission event is part of a cascaded biexciton-exciton emission scheme. Important properties of the emitted photon such as polarization and time of emission are either probabilistic in nature or pre-determined by electronic properties of the system. 4 In this work, we study the direct two-photon emission from the biexciton. 5 We show that emission through this higher-order transition provides a much more versatile approach to generate a single photon. In the scheme we propose, the two-photon emission from the biexciton is enabled by a laser field (or laser pulse) driving the system into a virtual state inside the band gap. From this intermediate virtual state, the single photon of interest is then spontaneously emitted. Its properties are determined by the driving laser pulse, enabling all-optical on-the-fly control of polarization state, frequency, and time of emission of the photon.
Semiconductor quantum dots have proven their promise as basic building blocks in various applications in the field of semiconductor based quantum optics and quantum communication. 6 These semiconductor nanostructures have been used as well-controlled on demand quantum emitters for single photons 3, 4, [7] [8] [9] [10] [11] [12] as well as for lasing at the single-photon level 13, 14 and to generate polarization entangled pairs of photons. [15] [16] [17] [18] [19] [20] It has been demonstrated that the interaction of the quantum dot's electronic excitations with optical fields and the emission characteristics of photons can be tailored to a large extend by use of optical cavities.
8 Even on-chip solutions of quantum-dot cavity systems with build-in electrically pumped microlaser sources have recently been demonstrated.
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If a semiconductor quantum dot is excited from its electronic ground state, the lowest excited configurations are the exciton states with one electron-hole pair in the system. Through further excitation from either of the excitons, the biexciton state with two electron-hole pairs can be excited (cf. Fig. 1 ). These excited states are relatively long-lived with lifetimes typically on the order of a nanosecond such that optical transitions can be studied in detail and also photon emission can be utilized efficiently. Most previous studies have focused on the emission of one or two subsequent (cascaded) photons from the biexciton to exciton or exciton to ground-state transition, respectively. 20, 21 In contrast to this cascaded emission, recently it was noted that semiconductor quantum dots can also efficiently couple to an optical light field through a direct two-photon transition from ground state to biexciton and vice versa. 22 Both of these states are spin-zero states such that a direct two-photon transition is allowed and efficient. Fully stimulated coherent two-photon excitation has been demonstrated in both degenerate 23 and two-color 24 scenarios. On the other extreme, a fully spontaneous two-photon emission was reported 5 and explored.
25,26
In this Letter we analyze a mixed scenario for the two-photon emission from the biexciton: one photon is stimulated, the other one spontaneously emitted as illustrated in Fig. 1a . In analogy to a partially stimulated down-conversion process, 27 the first photon is triggered/stimulated by an external pump laser field. This field is off-resonant to all one-photon active transitions and drives the system between the biexciton state and a virtual level inside the system's band gap. However, the first photon only gets actually emitted if a second photon is spontaneously emitted (in our setup into a cavity mode) and bridges the remaining energy gap to the ground state. Given the first photon's stimulated nature, its properties are determined by the pump. Following from fundamental energy and spin conservation, the second photon has complementary properties such as polarization and frequency. Therefore changes in the parameters of the pump laser allow for all-optical control and on-the-fly changes to the properties of the emitted single photon.
Here we present a detailed theoretical analysis for a quantum-dot cavity system. We show numerically that a single-photon source as discussed above can be realized for a wide range of realistic system parameters. Our calculations show that the properties of the emitted photon (as a true quantum object) can indeed be all-optically controlled with the classical pump laser field. Furthermore, we show that for excitation with a picosecond pump, the time of the emission event can be chosen to be inside the short time window marked by the presence of the pump pulse. The microscopic many-particle theory we use in our analysis is based on the quantum-dot cavity model illustrated in Fig. 1b . Included are the relevant electronic configurations of the quantum dot. These are ground state |G , excitons |X H and |X V , and biexciton |B . The electronic system is coupled to the photons in two cavity modes with orthogonal polarizations and frequencies ω H,V . In addition to the quantized light fields in the cavity modes an off-resonant coherent laser field is included to trigger the photon emission. For a given initial state and given external laser field, we evaluate the dynamical evolution of all occupations and coherences in the system. In particular, we extract detailed information about the photon emission from the system. Photon emission from the cavity and loss of electronic coherences on the relevant timescales are included. More details on the theoretical approach are given in the Methods Section below.
To study the scheme outlined above and illustrated in Fig. 1a , initially we prepare the quantum dot in the biexciton state with no photons in the cavity. Recent studies have shown the robust initialization of the biexciton.
20,28
Then a picosecond light pulse is applied, driving the system between the biexciton and a virtual state inside the band gap. When the pulse frequency ω L is tuned such that the two-photon resonance condition from ground to biexciton state is fulfilled, E B − E G = (ω L + ω H,V ), energy conservation allows spontaneous emission of a single photon into the cavity mode. To increase the probability of the emission event to occur during the presence of the pulse, first we use a high-quality cavity with κ = /10 ps −1 (quality factor Q ≈ 21000 at ω = 1.5 eV) and a coupling strength of the single-photon transitions to the cavity mode of g = /10 ps −1 ≈ 66 µeV. For these parameters, Fig. 2a shows the computed time-resolved photon density inside the V-polarized cavity mode for different detuning of the V-polarized pump pulse from the two-photon resonance condition. The envelope of the 5 ps pulse with peak Rabi energy of 1.5 meV is depicted in Fig. 2b . The result in Fig. 2a clearly shows that a photon is emitted when -and only when -the (here non-degenerate) two-photon resonance condition for laser pulse and cavity mode at ∆ ≈ 0 is met. Furthermore, photon emission only occurs during the presence of the laser pulse. This is evidenced by the dynamical built-up of a finite photon density inside the cavity mode when the pulse is switched on. After the pulse has passed, the remaining photons get emitted from the cavity on the 10 ps timescale determined by the cavity loss κ. We observe a slight field-induced shift of the emission in Fig. 1a from the ideal two-photon resonance condition at ∆ = 0. In addition to the main emission feature, weak oscillations are visible as vertical stripes in Fig. 2a from the emission from the biexciton-exciton transition into the off-resonant cavity mode.
The dynamics of the biexciton, exciton, and ground state densities are depicted in Fig. 2c -e. Clearly visible is the adiabatic following of these densities during the presence of the off-resonant pump pulse. However, only for the frequency window close to the two-photon resonance condition, the ground state and biexciton densities are changed by a sizeable amount after the pump pulse has passed. We stress that not a significant amount of density is generated in the exciton state(s) as the emission is strongly dominated by the direct two-photon channel.
We note that the absolute probability for the photon emission to occur and with it the potential brightness of the source can be further optimized by increasing pump intensity and pulse length along with other system parameters such as biexciton binding energy, cavity frequency, coupling strength and cavity quality. We further note that for higher pumping intensities and stronger couplings the system dynamics can also become more complex. True benchmarking of the potential performance will be left for a future study possibly along with an experimental demonstration. We note that for the system parameters chosen here, by increasing the pulse length by a factor of 10 to 50 ps, we find an almost linear increase of the emitted photon density with pulse length while only generating an insignificant amount of exciton density.
In Fig. 3 we demonstrate that with the polarization state of the pump field, the polarization state of the emitted photon can be controlled. The pump electric field amplitude and polarization state is parametrized as E = E 0 ·(cos (p) σ + +sin (p) σ − ), here with the real-valued parameter p with p = 0 (p = π/2) corresponding to the limiting case of circularly polarized light σ + (σ − ). Parameters are the same as in Fig. 2 . The two limiting cases are the circular polarization states σ + and σ − : according to spin selection rules, when the pump is + circularly polarized, the emitted photon is − circularly polarized and vice versa. Figure 3c shows the time-averaged (averaged from 12 to 45 ps) proportions of photon densities in the circularly polarized states. With changing the pump polarization parameter p the expected (almost sinusoidal) change in the polarization state is found. The achievable contrast is slightly reduced by the spontaneous biexciton decay through the exciton states. These results give unambiguous evidence that the emitted photon stems from a spontaneous emission into the cavity mode and can not result from photons pumped into the system through the laser source. By changing the polarization state of the pump anywhere in between the + and − circular polarization state (in general elliptically polarized), any polarization state can be realized for the emitted single photon of interest. Therefore, the classical laser field of the pump can be used to control the polarization state of a single photon as a true quantum object.
In a scenario where also frequency filtering is applied during photon detection, the contrast for this polarization control could reach near 100 % (no background photons are emitted in the spectral range of interest). To achieve efficient polarization control, the cavity modes must be degenerate (as can be realized in a micro pillar cavity for example), however, no frequency fine-tuning of cavity modes for example through temperature is needed as the stimulating laser can be tuned as needed.
In Fig. 4 we demonstrate that the scheme proposed here does not rely on the strong coupling or the high quality of the cavity mode used above. We present results obtained with a much lower coupling strength and in a low-quality cavity with g/κ = 0.04 with g = 1/50 ps −1 ≈ 13 µeV and κ = 1/2 ps −1 (Q ≈ 4200). As shown in Fig. 4 , in this case the cavity resonance condition is alleviated such that also the two-photon resonance is smeared out. This leads to a significant emission of the photon for a wider range of pulse frequencies. We also find that with the photons not being stored in the low-quality cavity for a long time, the photon density (which in this case roughly correlates with the actual emission dynamics) occurs inside the cavity only during the presence of the short 5 ps pulse with peak Rabi energy of 1.5 meV. This allows us to control the time of emission of the photon generated. This is explicitly shown in Fig. 4b and c for three different arrival times of the pump pulse. In contrast, using the usual cascaded emission to generate single photons, the time of the emission event can not be controlled but is random inside a typically much wider (nanosecond) time window. In Fig. 4b a background in photon density is observed from the competing gradual decay of the biexciton through the biexciton to exciton transition. If desired, using spectral filtering these background photons can be eliminated in the detection.
Whereas in the presence of the cavity mode, frequency control of the emitted photon (which is inherent to the process studied) can only be efficient inside the width of the cavity line, emission into free space within the same scheme would completely eliminate the cavity resonance condition. In this case the emission frequency could be all-optically tuned with the frequency of the pump. The available spectral range would be limited by other exciton resonances (higher exciton shells and LO-phonon assisted processes) present in the system. Even for emission into free space triggered by a sufficiently strong pump beam in a continuous wave experiment, the probability for the single photon being emitted from the desired two-photon process is expected to be on the same scale as the photon emission through the first order single photon transition from biexciton to exciton. Finally, we note that in this proof-of-principle study, we analyze emission into a cavity mode to increase the probability for the desired photon to be emitted during pulsed excitation. However, we would like to re-iterate that the general scheme does not rely on the presence of the cavity mode. Eventually, system design will be guided by the specific application in mind and its requirements. A choice will have to be made between using a high-quality cavity setup or a lowquality cavity or free-space emission. In the former case the probability for the emission of the desired photon during each pulse can be maximized, increasing brightness and potential on-demand character of the source. In the latter case the emission can be timed more accurately and the frequency and polarization state can be most flexibly tuned independent of any cavity resonance conditions. Also, a reasonable tradeoff needs to be made for the detuning of the cavity mode and pump from the single-photon active transitions. The further detuned, the more exclusively the two-photon transition can be utilized and studied. However, this is at the loss of the resonance enhancement of the two-photon transition when in the vicinity of the single-photon resonances.
In conclusion, we have proposed and theoretically analyzed a new scheme for single-photon generation with semiconductor quantum dots. This scheme utilizes a partially stimulated two-photon emission from the quantumdot biexciton. In this scheme, properties (polarization state, frequency, time of emission) of the spontaneously emitted single photon can be controlled on-the-fly and all-optically with a classical laser pulse. Future possibilities include using the same scheme for emission into free space such that frequency can be controlled in a wider spectral range. Applying a chirp in frequency and/or polarization state of the pump to control the complex temporal dynamics of the single-photon emission event could also be of great interest. An experimental realization of the proposed scheme would be highly desirable. We envision that the scheme we propose bears great promise for realization of the next generation of versatile quantumdot based single-photon sources.
I. METHODS
We include the relevant electronic configurations of the quantum dot in our theory. These are ground state |G , excitons |X H and |X V , and biexciton |B . The electronic system is then coupled to the photons in two cavity modes with orthogonal polarizations and frequencies ω H,V . In addition to the quantized light fields in the cavity modes an off-resonant coherent laser field is included to trigger the emission. In rotating wave approximation, the many-particle system Hamiltonian then reads:
Here, b † i (b i ) denote creation (annihilation) operators of photons in the cavity modes H and V and Ω i (t) gives the Rabi energy of the time dependent coherent laser field projected onto the respective transitions with ipolarization. As for the validity of our hybrid theory including both classical and quantized light fields, we note that it is important that in all our evaluations below, the laser field is off-resonant to the cavity modes by several meV. The coupling strength of the electronic system to cavity modes is given by g. The time-evolution of the system density operator ρ s obeys the following equation of motion:
Coupling of the system to the environment is included through the two dissipative terms L cavity (ρ s ) and L pure (ρ s ). The finite lifetime /κ of the photons inside the cavity is taken into account through the Lindblad term
A pure dephasing of coherences between electronic configurations is included through
with χ, χ ∈ {G, X H , X V , B}. 29 We use the same value γ pure χχ = γ = /200 ps −1 ≈ 3 µeV for all electronic coherences, which is a realistic value for pure dephasing of excitonic coherences at low temperature. 30 We note that our results are qualitatively robust even with a pure dephasing much faster than assumed here. Fine structure splitting between exciton levels -typically of the order of several tens of µeV -does only cause minor quantitative changes to the results and with E H = E V is set to zero for simplicity. Degeneracy is assumed for the cavity modes, ω H = ω V , which is needed for efficient polarization control. A reasonable biexciton binding energy of 3 meV is assumed and the cavity modes are tuned 5 meV to the red of the biexciton to exciton transitions. In this work we assume the system to be initially in the biexciton configuration with no photons inside the cavity. For this initial condition, the system dynamics is obtained by explicitly solving Eq. (1) in the finite-dimensional Fock-space spanned by the degrees of freedom of our system. Expectation values of any operatorÂ are computed by taking the trace with the system density operator, Â = tr{Âρ s }.
We note that for simplicity some secondary effects that could slightly change the results have not been considered: phonon-assisted transitions into cavity mode or laser field are expected to be weak for the detuning of several meV used;
31 the radiative loss into other off-resonant cavity modes is expected to play a small quantitative role on the timescales studied.
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